Abstract. In the article the class of slice regular functions is shown to be closed under a new regular composition. The new regular composition turns out to be globally defined in contrast to the locally defined version by Vlacci. Its advantage over Vlacci's is demonstrated by its associated theory of composition operators and dynamical systems for slice regular functions. Especially, the corresponding Littlewood subordination principle and the Denjoy-Wolff type theorem can be established.
Introduction
It is known that the composition f (ϕ(x)) of any two formal power series
is a formal power series when coefficients a j , b k are taken in a commutative field and b 0 = 0. However, if the constant term b 0 of the power series ϕ is not 0, the existence of the composition f (ϕ(x)) has been an open problem for many years.
Only recently has received some partial answers [3, 11] and these results are also extended to the noncommutative setting by Vlacci [26] for slice regular functions. In this article a new slice regular composition of any two slice regular functions will be introduced based on slice regular product. It has the advantage over Vlacci's that the new composition can thus lead to the theory of composition operators for slice regular functions.
The theory of slice regular functions is initiated by Gentili and Struppa [16, 17] . It has elegant applications in the functional calculus for noncommutative operators [7] . The detailed up-to-date theory appears in the monograph [14] . The theory of slice regular functions is associated with the non-elliptic differential operator with nonconstant coefficients given by
where x is the vector part of the quaternion x = x 0 + x ∈ H, see [6] for more details. We now introduce the slice regular composition operator C ϕ on the slice regular Hardy space H 2 (B). Let ϕ : B → B be a slice regular function on the open unit ball B of quaternions and we define C ϕ (f )(q) = ∞ n=0 ϕ * n (q)a n , where the power series expansion of f ∈ H 2 (B) takes the form
q n a n , and ϕ * n is the nth regular power of ϕ with respect to * -product. It is worth remarking here that C ϕ f is well defined and slice regular in B globally (see Section 4 below for details) while the Vlacci's version of slice regular composition is, in general, only defined in 1 3 B other than the whole ball B, due to the Bohr phenomenon, see Section 3 for details.
Our first main result is the Littlewood subordination principle for slice regular composition. We remark that, without the restriction ϕ(0) = 0, the exact norm of a composition operator C ϕ is still unknown even in the classical holomorphic Hardy space H 2 (D). In the present article, we can provide the exact norm of a composition operator on the slice regular Hardy space H 2 (B) in the special case of which is induced by the slice regular Möbius transformations. We refer to [8, 2, 10] for related questions concerning the norms of holomorphic composition operators. .
When ϕ(B) ⊂⊂ B, we know that the composition operator is compact on regular Hardy space H p (B). Theorem 1.3. Let ϕ : B → B be a regular function on B such that ||ϕ|| ∞ < 1. Then C ϕ is a compact operator on H p (B) with 1 ≤ p ≤ ∞.
The feature of our new slice regular composition lies at its analogous dynamical behaviors of the iterates of slice regular self-mappings as in the holomorphic setting. In particular, we have the Denjoy-Wolff type theorem for slice regular mappings. Theorem 1.4. (Denjoy-Wolff ) Let Id = f ∈ Aut(B) be not elliptic automorphism in which f (B I ) ⊆ B I for some I ∈ S, then the sequence of {f ⊙n } uniformly converges on every compact subset of B to a boundary fixed point of f .
The paper consists of eight sections besides the introduction, and its outline is as follows. In Section 2, we set up the basic notations and give the preliminary results. Section 3 is devoted to recalling the Vlacci's regular composition for slice regular functions. In Section 4, we define our new regular composition and investigate its basic properties. In Section 5, we will investigate some results about the dynamical behaviors of the iterates of slice regular self-mappings f of B under the extra assumption that f preserves at least one slice. The assumption is satisfied for the slice regular automorphism group and all the elementary functions in the slice regular theory. In Section 6, we establish the Littlewood subordination principle with respect to our new regular composition. The boundedness and compactness of composition operators are considered in Section 7 and Section 8, respectively. Finally, Section 9 comes the conclusion of the paper.
Preliminaries
We recall in this section some preliminary definitions and results on slice regular functions. Let H denote the noncommutative, associative, real algebra of quaternions with standard basis {1, i, j, k}, subject to the multiplication rules
Every element q = x 0 +x 1 i+x 2 j +x 3 k in H is composed by the real part Re (q) = x 0 and the imaginary part Im (q) = x 1 i + x 2 j + x 3 k. The conjugate of q ∈ H is then q = Re (q) − Im (q) and its modulus is defined by |q|
We can therefore calculate the multiplicative inverse of each q = 0 as q −1 = |q| −2 q. Every q ∈ H can be expressed as q = x + yI, where x, y ∈ R and
if Im q = 0, otherwise we take I arbitrarily such that I 2 = −1. Then I is an element of the unit 2-sphere of purely imaginary quaternions,
For every I ∈ S, we denote by C I the plane R ⊕ IR, isomorphic to C, and, if Ω ⊆ H, by Ω I the intersection Ω ∩ C I . Also, for R > 0, we will denote the open ball centred at the origin with radius R by B(0, R) = q ∈ H : |q| < R .
We can now recall the definition of slice regularity. Definition 2.1. Let Ω be a domain in H. A function f : Ω → H is called slice regular if, for all I ∈ S, its restriction f I to Ω I is holomorphic, i.e. it has continuous partial derivatives and satisfies
As shown in [4] , a class of domains, the so-called symmetric slice domains naturally qualify as domains of definition of slice regular functions.
Definition 2.2.
Let Ω be a domain in H. Ω is called a slice domain if Ω intersects the real axis and Ω I is a domain of C I for any I ∈ S.
Moreover, if x + yI ∈ Ω implies x + yS ⊆ Ω for any x, y ∈ R and I ∈ S, then Ω is called a symmetric slice domain.
From now on, we will omit the term 'slice' when referring to slice regular functions. A natural notion of derivative can be given for regular functions as follows (see [16, 17] ). Definition 2.3. Let Ω be a slice domain in H, and let f : Ω → H be a regular function. The slice derivative of f at q = x + yI is defined by
Notice that the operators ∂ I and∂ I commute, and ∂ I f = ∂f ∂x for regular functions. Therefore, the slice derivative of a regular function is still regular so that we can iterate the differentiation to obtain the n-th slice derivative
In what follows, for the sake of simplicity, we will directly denote the n-th slice derivative ∂ n I f by f (n) for every n ∈ N.
As stated in [17] , a quaternionic power series
q n a n with {a n } n∈N ⊂ H defines a regular function in its domain of convergence, which proves to be an open ball B(0, R) with R equal to the radius of convergence of the power series. The converse result is also true. q n a n with a n = f (n) (0) n! .
We can recover the values of a regular function on a symmetric slice domain from its values on a single slice C I , due to the following representation formula (a special case of a result in [4] ), which was proven in [5] .
Theorem 2.5. (Representation Formula) Let f be a regular function on a symmetric slice domain Ω ⊆ H and let I ∈ S. Then for all x + yJ ∈ Ω with J ∈ S, the following equality holds
A fundamental result in the theory of regular functions is described by the splitting lemma (see [17] ), which relates slice regularity to classical holomorphy. Lemma 2.6. (Splitting Lemma) Let f be a regular function on a slice domain Ω ⊆ H. Then for any I ∈ S and any J ∈ S with J ⊥ I, there exist two holomorphic functions F, G : Ω I → C I such that for every z = x+yI ∈ Ω I , the following equality holds
The pointwise product of two regular functions is not, in general, regular. To maintain the regularity, a new multiplication operation, the * -product, was introduced. On open balls centered at the origin, the * -product of two regular functions can be defined by means of their power series expansions in [12] , mimicking the standard multiplication of polynomials in a skew field. However, the generalization to the symmetric slice domains is based on the extension lemma (see [4] ). The relation among the zero sets of f , f c and f s has been fully characterized (see [12, 13] 
Proposition 2.12. Let f be a regular function on a symmetric slice domain Ω. For all x, y ∈ R with x + yS ⊆ Ω, the zeros of the regular conjugate f c on x + yS are in one-to-one correspondence with those of f . Moreover, the symmetrization f s vanishes exactly on the sets x + yS on which f has a zero.
Similarly, there is a close relation between the norms of f and f c , when restricted to a sphere x + yS (see [23] ): Proposition 2.13. Let f be a regular function on the unit ball B = B(0, 1). For any sphere of the form x + yS contained in B, the following equalities hold true
We now recall more results from [14] .
Theorem 2.14. (Identity Principle) Let f be a regular function on a slice domain Ω ⊆ H. Denote by Z f the zero set of f ,
If there exists an I ∈ S such that Ω I ∩ Z f has an accumulation point in Ω I , then f vanishes identically on Ω. Both inequalities are strict (except at q = 0) unless f (q) = qu for some u ∈ ∂B.
The quaternionic counterpart of complex Hardy spaces was considered in [9] .
Definition 2.17. Let f be a regular function on B and let 0 < p < ∞. Set
Then for any 0 < p ≤ ∞, the slice regular Hardy space H p (B) is defined as
Obviously, H p (B) is a real vector space. Moreover, H p (B) is not only a left H-module, but also a right H-module with respect to + and * . In analogy with the complex case, the space H 2 (B) is a Hilbert H-module (see [9] ).
q n a n be its power series expansion. Then the 2-norm of f ,
coincides with
Moreover, for any r ∈ [0, 1) the integral
does not depend on I ∈ S.
Vlacci's regular composition
One point in the setting of quaternions is that the regularity does not keep under the usual composition. Indeed, the only case in which the regularity of f • ϕ is maintained for any regular function f is when the regular function ϕ is slice preserving. If instead ϕ has no constraints, then f has to be an affine function of the form f (q) = a + qb for some a, b ∈ H.
Vlacci [26] introduces a kind of regular composition for regular functions, which preserves regularity locally.
Let f : B(0, R) → H be regular with Taylor expansion
q n a n , and let ϕ : B(0, r) → B(0, R) be another regular function with 0 < r ≤ ∞ and
Starting from the Taylor expansion
and inspired by the classical Faà di Bruno formula in the commutative setting, Vlacci introduces the following regular composition of f with ϕ.
Definition 3.1. The Vlacci's regular composition of f with ϕ is formally defined by
whose coefficients are given by
Here B n,d (d = 1, 2, · · · , n) are the homogeneous parts of the corresponding noncommutative Bell polynomial B n , which coincides with the classical Bell polynomial when restricted to C n .
Denote
for n ≥ d ≥ 2 and
These can be verified by applying the recursion equation
for n = 0, 1, 2, · · · together with the initial condition
For more generally noncommutative setting, not only limited to quaternions, we refer to [24, Theorem 1] and the references therein for more details. With the Vlacci approach, one can introduce some new regular compositions. For example, one can modify Vlacci's regular composition by changing the order of the factors in the summands of (3.2). We thus can introduce new regular composition of f with ϕ, denoted by f • ϕ, via
At first sight, it seems that the definition of f • ϕ coincides with that of f • ϕ. Unfortunately, the answer is negative in general, as the following example shown.
Example 3.2. Let f (q) = q and ϕ(q) = q 2 I with I, J ∈ S and I ⊥ J, then
Some new regular compositions can be further introduced. Motivated by (4.2) below one can introduce regular compositions f • ϕ and f
• ϕ via identities
Here we use the fact that regular conjugations are involution operators.
There are strict restraints for the existence of the above slice regular compositions.
For any regular function f (q) = ∞ n=0 q n a n on B(0, R), denote
Vlacci [26] provides a sufficient condition for which the regular compositions exist. However, the Bohr-type phenomenon [22, 14] shows that
for any regular function ϕ : B −→ B. Since the range of the function ϕ abs plays a role in the above composition, we thus observed that there exists obstacle to define
Here ϕ a is the regular Möbius transformation of B (see (7.4)).
Slice regular compositions
Vlacci's slice regular composition is defined only locally, we need to introduce a globally defined slice regular composition in order to achieve the theory of regular composition. q n a n , a regular composition of f with ϕ can be defined by
Alternatively, one can also define regular composition of f with ϕ as
These two regular compositions are different and conjugate in some sense, see Theorem 4.12. This fact reflects the diversity of the noncommutative setting as we mentioned in the introduction.
Some remarks are in order.
Remark 4.2. The two regular compositions of f with ϕ are both well-defined. Indeed, for any fixed q 0 = x + yI ∈ Ω, let M denote the maximum modulus of ϕ on the 2-sphere [
|ϕ(q)| < R, since ϕ(Ω) ⊆ B(0, R). From Proposition 2.9 it is easy to prove by induction that
for any q ∈ [q 0 ] and any n ∈ N. Again Proposition 2.9 implies that for all q ∈ [q 0 ],
owing to the absolute and uniform convergence of the power series 
Remark 4.6. As mentioned in the end of the preceding section, for a general regular function f , the radii of convergence of power series in (3.1) are unknown and it is quite possible that the definition domains of f • ϕ may be quite small than that of ϕ.
The advantages of new regular composition over Vlacci's is that f ⊙ ϕ has the same definition domain with that of ϕ, under the right hypotheses about the domain and range of f and ϕ. Moreover, the definition domain of ϕ is only required to be a symmetric slice domain other than a ball. 
which tell us that
Moreover, g ⊙ ϕ(q) = 1 + qJI, while g ⊙ ϕ(q) = 1 + qIJ, which shows that
Remark 4.9. The quaternionic counterparts of the identity
do not always hold. Namely, in general,
as shown by the following example.
Example 4.10. Let f (q) = q 2 I, g(q) = 1 + qJ, ϕ(q) = qIJ and ψ(q) = q + I with I, J ∈ S and I ⊥ J. Then a straightforward calculation gives
which shows that
However, the following property holds.
Proposition 4.11. Let f, g be two regular functions on B(0, R) and Let ϕ : Ω → B(0, R) be regular on a symmetric slice domain. Then
Proof. Let f, g : B → H be as described with Taylor expansion of the form
respectively. From the very definition,
The other one can also be proved similarly and an alternative way can be achieved immediately by applying the following proposition.
In contrast to the local existence of Vlacci's composition as shown in Theorem 3.3, our slice regular compositions exists globally. 
q n a n be power series expansion of f , i.e. f (q) = ∞ n=0 q n a n . According to the definition of regular composition,
as desired.
The approach in the proof of Theorem 4.12 also immediately works to extend Proposition 2.13 from the unit ball to symmetric slice domains. (
(iv) There holds the identity
The Denjoy-Wolff type theorem
The dynamical behaviors of the iterates of regular self-mappings f of B is considered in this section, under the extra assumption that f preserves at least one slice. The limit of the iterates turns out to be the regular Möbius transformation of the unit ball.
In view of Theorem 5.4 below, it is useful to recall the following definition given in [19] and there Gentili and Vlacci provide a complete description of the fixed-point set for regular Möbius transformations of a quaternionic variable. A regular Möbius transformation of B without fixed points in B is called:
• parabolic if it has only one fixed point on the boundary of B;
• hyperbolic if it has at least two fixed points on the boundary of B.
In particular, a hyperbolic regular Möbius transformation of B with a sphere of fixed points on the boundary of B is called spherical-hyperbolic.
It is crucial to show the existence of iterates of regular self-mappings with respect to our slice regular compositions.
Theorem 5.2. Let f be a regular self-mapping of B such that f (B I ) ⊆ B I for some I ∈ S, then f ⊙n is well defined as a regular self-mapping of B and
Proof. Let f : B → B be given as described. First, we prove that ext(f I ) n is well defined as a regular self-mapping of B for any n ∈ N. Indeed, since the restriction f I of f to B I is a holomorphic self-mapping of the open unit disc B I ⊂ C I , then we can consider the iterates (f I ) n of f I , where
Consequently, for each n ∈ N, (f I ) n is a holomorphic self-mapping of B I , which naturally induces a regular self-mapping of B, say ext(f I ) n , by using regular extension. The assertion that ext(f I ) n (B) ⊆ B follows from a convex combination identity in Lemma 3.3 of [21] .
Next, we prove that f ⊙n is well defined and
n for any n ∈ N. The reasons are as following. We can formally define in any order the n-th regular composition of f , on some small neighborhood O n ⊂ B of 0, via (4.1), and then it suffices to prove that the nth regular composition in any order can regularly extend to B and coincides with ext(f I ) n there. For simplicity, we only consider the nth regular composition
and from the very definition its restriction
to (O n ) I coincides with (f I ) n there, but (f I ) n and its regular extension ext(f I ) n are well defined on B I and B, respectively. Therefore, we can regularly extend
) to the whole ball B and
Similarly, we can use the same arguments as before to prove that the nth regular composition in any other order is well defined on B and coincides with ext(f I ) n as well. Thus we can denote by f ⊙n the well defined nth regular composition for any n ∈ N. Now we consider the slice iterates. Proposition 5.3. Let f be a regular self-mapping such that f (B I ) ⊆ B I for some I ∈ S and suppose {f ⊙n } has a subsequence which converges to a nonconstant function. Then f is a regular Möbius transformation of B.
Proof. Let f : B → B be as described. Then the sequence {(f ⊙n ) I } = {(f I ) n } satisfies the assumption given in Lemma 2.50 of [8] , thus f I ∈ Aut(B I ) and its regular extension f = ext(f I ) is a regular Möbius transformation of B.
Moreover, we have the following Denjoy-Wolff type theorem. 
The Littlewood subordination principle
In this section we establish the Littlewood subordination principle for regular functions. 
To prove this result, we need some basic lemmas.
Proof. Consider the power series expansion of f
By the Cauchy-Schwarz inequality, we have
Lemma 6.3. Let {f n } n∈N be a convergent sequence in H 2 (B). Then {f n } n∈N converges uniformly on every compact subset of B.
Proof. Suppose that f n −→ f ∈ H 2 (B), i.e. ||f n − f || 2 −→ 0 as n −→ ∞, then for any compact set C ⊂ B, there exists r ∈ (0, 1) such that C ⊆ B(0, r) ⊂ B, by Theorem 6.2 and the Maximum Modulus Principle 2.15 we have
||f || 2 −→ 0 as n −→ ∞, which implies that {f n } n∈N converges uniformly to f on C.
Proof. By Proposition 2.9, we have for every q ∈ B,
and hence for any 0 < p < ∞, ||f * ϕ|| p = sup
In particular, ||f * ϕ|| 2 ≤ ||ϕ|| ∞ ||f || 2 . As for f * ϕ, according to Proposition 2.18 and Proposition 4.13 that
Together with (6.1) and the fact that
which completes the proof.
Incidentally, the approach to the proof of the preceding lemma also immediately give a very simple proof of Theorem 5.17 in [1] , which is of independent interest, and is initially proved for the left multiplier in the special case that p = 2 by using an approximation argument and Runge's theorem. Proof. From [25] , we know every regular Möbius transformation ϕ a of B is of the form
where u ∈ ∂B. For any f ∈ H 2 (B), it follows from Proposition 2.18 that
The penultimate equation follows from the fact that (ϕ a ) c is also a regular Möbius transformation of B and what we just proved on the isometry property of left multiplier operators.
The fact that both M l a and M r a are isometries from H ∞ (B) into itself follows immediately from Proposition 2.9 and (iv) in Proposition 4.13.
It remains to prove that M r ϕa is an isometry on H p (B) for p = 2. By the proof of Lemma 6.4, it suffices to prove that
with ||f || p > 0. For any fixed ε ∈ (0, ||f || p ), from the very definition it follows that there are some I 0 ∈ S and some r 0 ∈ (0, 1) such that 1 2π
which together with Proposition 2.9 yields that
for any r ∈ (r 0 , 1). Therefore, letting r −→ 1 yields ||M r ϕa f || p ≥ ||f || p − ε, which completes the proof.
We are now in a position to prove the main theorem of this section.
Proof of Theorem 6.1. We define a translation operator T :
for any f ∈ H 2 (B) with the Taylor expansion
Due to Proposition 2.18 ,
and hence T f ∈ H 2 (B). Moreover, by definition,
for any f ∈ HBy (6.6), for all n ∈ N,
Notice that |ϕ(q)| ≤ |q| in virtue of Theorem 2.16. Using the arguments similar to those used in Remark 4.2 and in Lemma 6.2 we obtain that for any fixed r ∈ (0, 1),
||f || 2 −→ 0 as n −→ ∞, which implies that f ⊙ n ϕ n∈N converges uniformly to f ⊙ ϕ on every compact subset U ⊂ B. Consequently, for any r ∈ (0, 1) and I ∈ S, we have 1 2π
which implies that f ⊙ ϕ ∈ H 2 (B) and ||f ⊙ ϕ|| 2 ≤ ||f || 2 . In the second inequality we have used Proposition 2.18. The penultimate and last equations follow by (6.7).
As for f ⊙ ϕ, we can prove the result in the very same manner, it suffices to notice that
An alternative easier method is the conjugate method as in Lemma 6.4, which is the following
In the second equation we have used equation (4.4) . Now the proof is completed.
Let ϕ : B → B be a regular function and ϕ(0) = 0, then ϕ induces two composition operators C ϕ and D ϕ on H 2 (B) defined by
Obviously, C ϕ is a right H-linear operator while D ϕ a left H-linear operator on Hilbert H-module H 2 (B). Namely,
. Moreover, Theorem 6.1 shows that C ϕ and D ϕ are two bounded composition operators. Proof. On one hand, it follows from Theorem 6.1 that ||C ϕ || ≤ 1 and ||D ϕ || ≤ 1. On the other hand, C ϕ (1) = D ϕ (1) = 1, which implies that ||C ϕ || ≥ 1 and ||D ϕ || ≥ 1. Consequently, ||C ϕ || = ||D ϕ || = 1. This completes the proof of Theorem 1.1.
Boundedness of composition operators
The boundedness of the slice composition operators C ϕ and D ϕ on H p (B) are studied in this section.
Let ϕ : B → B be a regular function. It induces operators C ϕ and D ϕ via
We shall show that in H 2 (B) we have
for any regular Möbius transformation ϕ of B.
We first consider the variant of Theorem 6.1 without the restriction ϕ(0) = 0.
Theorem 7.1. Let ϕ : B → B be a regular function such that ϕ(B I ) ⊆ B I for some I ∈ S, then
Taking J ∈ S with J ⊥ I, we can decomposef (n) in the form f (n) =ĝ(n) +ĥ(n)J, whereĝ(n),ĥ(n) ∈ C I for all n ∈ N. Consequently,
where g(q) = 
In the penultimate equation we have used the fact that J * ψ(z) = ψ(z)J for any holomorphic function ψ in the variable z ∈ C I and I, J ∈ S with I ⊥ J, which can be obtained from the definition of * -product. Now it follows from the classical theory of composition operators on the Hardy space H 2 (cf. Corollary 3.7 in [8] ) and Proposition 2.18 that
As in Theorem 6.1, an alternative easier method is the conjugate method, which is the following
||f || 2 .
In the second equation we have used equation (4.3). Now the proof is completed. .
Proof. The two upper bounds follow from Theorem 7.1. To prove the two lower bounds, consider the restriction C ϕI of C ϕ to H 2 (B I ) and its adjoint C * ϕI acting on the evaluation kernels K w in H 2 (B I ), then by the classical H 2 theory (see for instance Corollary 2.11 in [8] ), we have
for all z, w ∈ B I . It is easy to prove that
Now it follows from (7.1) and (7.2) that
Taking w = 0 yields that
from which we can easily prove that
Consequently,
, which completes the proof.
If ϕ is a regular Möbius transformation ϕ a of B (see [25] ), i.e.
for some a ∈ B, we can obtain more precise result, which is as follows. 
− * for some a ∈ B I , then ϕ(B I ) = B I , it follows from Corollary 7.2 that
||f || 2 (7.5) and
||f || 2 , (7.6) which are the two upper inequalities. Now we show that each of them is sharp respectively. An easy calculation gives
Substituting (7.7) into (7.3) yields
Now if a = |a|e Iθ , we take w = −re Iθ so that
, which implies that inequality (7.5) is sharp and
Notice that ϕ(B I ) ⊆ B I , the very definition of regular composition and the identity principle 2.14 allow us to conclude that
and hence
Namely,
that is,
||f || 2 . Finally, Let {f n } be a sequence that exhibits the norm of C ϕ , then the substitution g n = C ϕ g n shows that the inequality (7.8) is sharp. Similarly, we can prove that the inequality (7.9) is sharp also.
As a result, we have proved that Moreover, these inequalities are best possible. Now we consider the H p (B) version of Theorem 6.1. ||f || p .
Compactness of composition operators
The compactness of composition operators C ϕ and D ϕ on H p (B) is studied in this section.
We need to specify precisely how much the inducing map ϕ has to compress the unit ball into itself in order to insure that the operators C ϕ and D ϕ compress bounded subsets of H p (B) into relatively compact ones. The most drastic way ϕ can compress the unit ball is to take it to a point, in which case the resulting composition operators C ϕ and D ϕ have one dimensional range (the space of constant functions), and are therefore compact. The next result shows that this compactness persists if we merely assume that ϕ(B) is relatively compact in B.
Theorem 8.1. Let ϕ : B → B be a regular function on B such that ||ϕ|| ∞ < 1. Then both C ϕ and D ϕ are compact operators on H p (B) for any 1 ≤ p ≤ ∞.
Proof. In the case that p = 2, the result can be easily proved due to the speciality of Thus S N maps H 2 (B) onto the right H-linear span of the first n regular powers of C ϕ . Obviously, S N is a bounded, finite rank operator on H 2 (B). We claim that ||S N − C ϕ || 2 −→ 0 as n −→ ∞.
Conclusions
We have introduced two slice regular compositions, which leads to the theory of slice composition operators. In particular, we established the Denjoy-Wolff type theorem about the dynamical behaviors of the iterates and the Littlewood subordination principle for slice regular functions. The slice regular theory is believed to be based upon two kind of operators, i.e., the slice regular product and slice regular compositions.
